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Global optimization strategies are described for a generalization of the pooling
problem that is important to the petrochemical, chemical, and wastewater treatment
industries. The problem involves both discrete variables, modeling the structure of a
flow network, and continuous variables, modeling flow rates, and stream attributes.
The continuous relaxation of this mixed integer nonlinear programming problem is
nonconvex because of the presence of bilinear terms in the constraint functions. We
propose an algorithm to find the global solution using the principles of the reformu-
lation-linearization technique (RLT). A novel piecewise linear RLT formulation is
proposed and applied to the class of generalized pooling problems. Using this
approach we verify the global solution of a combinatorially complex industrial
problem containing 156 bilinear terms and 55 binary variables, reducing the gap
between upper and lower bounds to within 1.2%. © 2005 American Institute of Chemical
Engineers AIChE J, 52: 1027–1037, 2006
Keywords: pooling problem, mixed integer nonlinear programming, wastewater network
design, global optimization

Introduction

The pooling problem is an industrially significant mathemat-
ical programming problem that originates from the petroleum
refinery sector. Refined process streams with several attributes,
such as sulfur content, octane number, and density, are blended
together to form products that conform to specifications. Re-
strictions imposed on the availability of intermediate pooling
tanks and on the connectivity between sources and products
require the inclusion of nonlinear constraints. These constraints
distinguish the pooling problem from the simpler blending
problem, which may be formulated as a linear programming
problem. In the classical pooling problem the network struc-
tures defining the connections between sources and pools,
pools and products, and sources and products is fixed, and only
the flow rates need to be optimized. Audet et al.1 considered a

generalized pooling problem in which some connections be-
tween pools do exist, but the structure of the connectivity is
fixed. In this report we consider a generalization of the pooling
problem that elucidates decisions regarding the existence of
pools and the interconnectivity of the network, including costs
relating to the construction and operation of pools and connec-
tions.

We trace the origins and development of methodologies for
the solution of pooling-like problems in two fields: petroleum
blending and wastewater treatment. Petroleum blending be-
came important to U.S. industry in the 1980s when environ-
mental regulations mandated the phasing out of the octane-
boosting additive, tetraethyl lead, resulting in higher
production costs for high-octane fuels.2 Similarly, U.S. indus-
trial interest in the minimization of wastewater treatment costs
resulted from the implementation of environmental regulations
governing water pollution in the late 1970s. Water pollution
legislation standards are set according to certain measures of
water quality and the point of emission to the environment.
Characteristics of water quality include concentrations of
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heavy metal species such as mercury and cadmium, levels of
synthetic organic chemicals such as dioxin, measures of or-
ganic matter concentration, as well as pH, temperature, and less
quantifiable factors such as color and odor.

Before the 1980s, wastewater was typically piped to a cen-
tralized treatment plant and research efforts were focused
mainly on improving the treatment technologies used for this
end-of-pipe treatment.3 It was later recognized that distributed
wastewater treatment networks in which wastewater streams
are treated separately may be preferable to the centralized
approach because technologies well suited to decontaminate
specific streams can be used to process smaller volumes of
water.4-6 Takama et al.7 were the first to consider the structural
component of wastewater minimization problems in a mathe-
matical programming framework. They formulated the prob-
lem as a nonlinear programming (NLP) and proposed a recur-
sive linear programming (LP) algorithm to solve it. NLP and
mixed-integer nonlinear programming (MINLP) models for
wastewater treatment and reuse have been developed by a
number of authors.8-10

Early attempts to solve the petroleum pooling problem were
also based on recursive LP techniques in which the attributes of
the streams were estimated, fixed, and the resulting LP problem
solved. The estimated qualities were then recalculated from the
LP solution and the process repeated. Haverly11 observed that
this procedure does not always converge and presented a series
of small problems to illustrate the occurrence of nonglobal
local solutions.

Methods for the determination and validation of the
global solution to pooling problems have been pursued since
the 1990s. Floudas and Aggarwal12 proposed an algorithm,
GOS, based on Geoffrion’s generalization13 of Benders’
decomposition14 to search for the global solutions of pooling
problems. This method could not guarantee convergence to
a global solution. The GOP (Global Optimization algorithm)
algorithm proposed by Floudas and Visweswaran,15 also
based on duality theory and Lagrangian relaxation tech-
niques, provided such guarantees.16-19 Bental et al.20 devel-
oped a related duality-based global optimization approach
for an alternative proportion model of the pooling problem
in which flow and proportion variables were used instead of
flow and attribute variables. Another Lagrangian-based
global optimization method was proposed by Adhya et al.21

Foulds et al.22 suggested a global optimization algorithm
based on the ideas of McCormick23 in which the bilinear
terms are underestimated and overestimated using convex
and concave envelopes. In this way the pooling problem can
be relaxed to a linear programming problem that provides a
lower bound on the global minimum solution. Convergence
can then be attained through partitioning of the domain
within a branch and bound framework.24 Quesada and
Grossmann25,26 used this approach to underestimate prob-
lems modeling general process networks with bilinear terms.
They observed that the two alternative formulations based
on proportion and attribute variables, respectively, are re-
lated to each other by the reformulation-linearization tech-
nique,27 and proposed a formulation that includes both pro-
portion and attribute variables. Tawarmalani and Sahinidis28

proved that the LP relaxation of the Quesada–Grossmann25

formulation provides tighter bounds than those linear relax-
ations derived from either the proportion or attribute for-

mulations using bilinear envelopes or Lagrangian relax-
ations.

Galán and Grossmann29 used mathematical programming to
solve wastewater treatment problems of the kind introduced by
Wang and Smith,30 the focus of the study being the develop-
ment of heuristic algorithms to search for globally optimal
solutions. Their algorithm was based on the generation of
multiple starting points through a convex underestimation
problem. A two-level global optimization algorithm for process
flow problems with discrete decisions was developed by Lee
and Grossmann31 and applied to several process network ap-
plications with at most 64 bilinear terms and 48 binary vari-
ables.32 In the first level branching occurs on discrete variables
to update the lower bound. In the second level, once all discrete
variables have been fixed at a given node, a global optimization
problem is solved in the continuous space to update the upper
bound. The reader is referred to Floudas33 and Tawarmalani
and Sahinidis28 for further coverage of deterministic global
optimization approaches to the pooling problem.

In this article we propose an algorithm for validating the
global solution of a class of generalized pooling problems. A
novel piecewise linear formulation, based on principles of the
reformulation-linearization technique (RLT), is proposed and
applied to a large-scale industrial case study. The convex
relaxation of this problem is obtained through a two-step re-
formulation. First, auxiliary binary variables are introduced to
model a partitioning of the continuous space. Second, this
augmented MINLP is reformulated as a mixed-integer linear
programming (MILP) through the RLT.

The remainder of this article is structured as follows. First
the formulation of the generalized pooling problem is intro-
duced. We then describe three different types of convex relax-
ations of the problem. Finally, we present computational results
for a large-scale industrial case study containing 156 bilinear
terms and 55 binary variables.

Formulation of the Generalized Pooling Problem

The generalized pooling problem introduced in this sec-
tion may be interpreted as one of minimizing the overall cost

Figure 1. Superstructure for generalized pooling prob-
lem.
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of the treatment of a set of wastewater streams while reduc-
ing the pollutant levels to within limits specified by envi-
ronmental regulations. Figure 1 depicts a graph with three
types of node. The source nodes, in the set S, represent the
effluent streams from a set of industrial plants. Each of these
streams contains a different load of contaminants. The node
set T represents the set of wastewater treatment plants that
may be used to reduce the contaminant levels in the waste-
water streams. Each of these plants uses a different treat-
ment technology. Contaminant reduction levels and process-
ing costs therefore vary from plant to plant. The sink nodes,
in the set E, represent rivers into which the treated waste-
water flows. Environmental regulations stipulate a maxi-
mum level of pollutant concentration for each of these sinks.
Interconnecting the nodes are arcs that represent pipelines.
The geographical distribution of the sources, plants, and
sinks means that the distances along the pipelines vary
significantly as do the fixed and operating costs. It is as-
sumed that the flow through the system is induced solely by
the elevated pressure at the sources. Loops in the network
are therefore prohibited. The graph in Figure 1 is a super-
structure of all possible network configurations. An impor-
tant aspect of the generalized pooling problem is deciding which
pools to use and what connections to make. Binary variables are
introduced to model these discrete decisions. The flow rates and
pollutant concentrations are modeled using continuous variables.
Table 1 summarizes the variables in the problem and parameters
defining the problem are summarized in Table 2. The specific data
for all the parameters are presented in the Appendix.

A mathematical formulation of this problem is as follows:

min
a,b,c,d,q,ya,yb,yc,yd,ye

zP

subject to

0 � ase � a� se for all s � S, e � E

0 � bte � b� te for all t � T, e � E

0 � ctt� � c� tt� for all t � T, t� � T��t�

0 � dst � d� st for all s � S, t � T

0 � qct � q� ct for all c � C, t � T

yse
a � �0, 1� for all s � S, e � E

yte
b � �0, 1� for all t � T, e � E

ytt�
c � �0, 1� for all t � T, t� � T��t�

yst
d � �0, 1� for all s � S, t � T

yt
e � �0, 1� for all t � T

ase � yse
a a� se � 0 for all s � S, e � E (1)

bte � yte
b b� te � 0 for all t � T, e � E (2)

ctt� � ytt�
c c� tt� � 0 for all t � T, t� � T��t� (3)

dst � yst
d d� st � 0 for all s � S, t � T (4)

a� seyse
a � ase � 0 for all s � S, e � E (5)

b� teyte
b � bte � 0 for all t � T, e � E (6)

c� tt�ytt�
c � ctt� � 0 for all t � T, t� � T��t� (7)

d� styst
d � dst � 0 for all s � S, t � T (8)

�
s�S

dst � �
t��T��t�

ct�t � e� tyt
e � 0 for all t � T (9)

��
s�S

dst � �
t��T��t�

ct�t � e� tyt
e � 0 for all t � T (10)

ytt�
c � yt�t

c � 1 for all t � T, t� � T��t� (11)

�
e�E

ase � �
t�T

dst � fs
source for all s � S (12)

Table 1. Variables in the Wastewater Treatment Problem

Binary Variables
yse

a stream connecting source s to sink e
yte

b stream connecting plant t to sink e
ytt�

c directed stream connecting plant t to plant t�
yst

d stream connecting source s to plant t
yt

e plant t
Continuous variables for flow rates

ase stream connecting source s to sink e
bte stream connecting plant t to sink e
ctt� directed stream connecting plant t to plant t�
dst stream connecting source s to plant t
et plant t effluent

Continuous variables for qualities
qct quality c in t effluent

Table 2. Parameters in the Wastewater Treatment Problem

Process specifications
fs
source flow rate of source s

qcs
source value of quality c in source s

qce
max maximum allowable value of quality c in sink e

rct removal ratio of quality c in plant t
Flow rate associated costs

cse
a cost per unit flow from source s to sink e

cte
b cost per unit flow from plant t to sink e

ctt�
c cost per unit flow from plant t to plant t�

cst
d cost per unit flow from source s to plant t

ct
e cost per unit flow through plant t

Fixed costs
cse

ya fixed cost of pipeline from source s to sink e
cte

yb fixed cost of pipeline from plant t to sink e
ctt�

yc fixed cost of pipeline from plant t to plant t�
cst

yd fixed cost of pipeline from source s to plant t
ct

ye fixed cost of plant t
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�
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � �
e�E

bte for all t � T (13)

qct� �
s�S

dst � �
t��T��t�

ct�t� � �1 � rct�

� � �
t��T��t�

ct�tqct� � �
s�S

dstqcs
source� for all c � C, t � T (14)

�
s�S

aseqcs
source � �

t�T

bteqct � qc
max

� ��
s�S

ase � �
t�T

bte� for all c � C, e � E (15)

The objective function,

zP � �
s�S

�
e�E

cse
a ase � �

t�T

�
e�E

cte
b bte

� �
t�T

�
t��T��t�

�ctt�
c � ct�

e �ctt� � �
s�S

�
t�T

�cst
d � ct

e�dst

� �
s�S

�
e�E

cse
yayse

a � �
t�T

�
e�E

cte
ybyte

b

� �
t�T

�
t��T��t�

ctt�
ycytt�

c � �
s�S

�
t�T

cst
ydyst

d

� �
t�T

ct
yeyt

e

is a linear function of the flow rates and binary variables.
Constraints 1 to 8 link the binary variables for the existence

of pipelines to the flow rates in those pipelines. Constraints 1 to
4 ensure that a nonzero flow rate is feasible only if the binary
variable in that constraint is set to one. All lower bounds, a, b,
c, and d are strictly positive, and thus constraints 5 to 8 state
that a zero flow rate is feasible only if the binary variable in that
constraint is set to zero. Similarly, constraints 9 and 10 ensure
that a solution with a positive flow rate through a plant t is
feasible if and only if yt

e � 1.
Mass balance constraints for the overall flow rate across the

source nodes are defined in Eq. 12. Equalities 13 are for mass
balances across the treatment plants. The equality constraints
14 represent the mass balances of the pollutants across the
treatment plants. Maximum levels of contaminants emitted to
the environment are expressed by inequalities 15. Only con-
straints 14 and 15 contain bilinear terms; the remaining con-
straints are linear.

Decisions of a discrete nature, such as whether to build a
pool or pipeline, and connections between one pool and an-
other are the essential aspects of the generalized pooling prob-
lem that are not found in the classical pooling problem defini-
tion described in Haverly.11

When the set E contains a single element, the variables a and
b can be eliminated from the problem by making the following
substitutions:

as 4 fs
source � �

t�T

dst for all s � S

bt 4 �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst for all t � T

where the subscript e has been dropped. The mathematical
programming model then becomes

min
c,d,q,ya,yb,yc,yd,ye

zP

subject to

0 � fs
source � �

t�T

dst � a� se for all s � S

0 � �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � b� t for all t � T

0 � ctt� � c� tt� for all t � T, t� � T��t�

0 � dst � d� st for all s � S, t � T

0 � qct � q� ct for all c � C, t � T

ys
a � �0, 1� for all s � S

yt
b � �0, 1� for all t � T

ytt�
c � �0, 1� for all t � T, t� � T��t�

yst
d � �0, 1� for all s � S, t � T

yt
e � �0, 1� for all t � T

fs
source � �

t�T

dst � ys
aa� s � 0 for all s � S, e � E

�
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � yt
bb� t � 0 for all t � T

ctt� � ytt�
c c� tt� � 0 for all t � T, t� � T��t�

dst � yst
d d� st � 0 for all s � S, t � T

a� sys
a � fs

source � �
t�T

dst � 0 for all s � S

b� tyt
b � �

t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � 0 for all t � T

c� tt�ytt�
c � ctt� � 0 for all t � T, t� � T��t�

d� styst
d � dst � 0 for all s � S, t � T

�
s�S

dst � �
t��T��t�

ct�t � e� tyt
e � 0 for all t � T
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��
s�S

dst � �
t��T��t�

ct�t � e� tyt
e � 0 for all t � T

ytt�
c � yt�t

c � 1 for all t � T, t� � T��t�

qct� �
s�S

dst � �
t��T��t�

ct�t� � �1 � rct�

� � �
t��T��t�

ct�tqct� � �
s�S

dstqcs
source� � c � C, t � T (16)

�
s�S

fs
source�qcs

source � qc
max� � �

s�S

�
t�T

dst��qcs
source � qct�

� �
t�T

�
t��T

�qct � qc
max��ct�t � ctt�� � 0 � c � C (17)

where

zP � �
s�S

cs
a� fs

source � �
t�T

dst� � �
t�T

�
s�S

ct
bdst � �

t�T
� �

t��T��t�

ct
b(ct�t

� ctt�) � �
t��T��t�

(ctt�
c � ct�

e )ctt�� � �
s�S

�
t�T

�cst
d � ct

e�dst � �
s�S

cs
ayys

a

� �
t�T

ct
byyt

b � �
t�T

�
t��T��t�

ctt�
byytt�

c � �
s�S

�
t�T

cst
d yyst

d � �
t�T

ct
eyyt

e

Using � � � to denote the cardinality of a set, we see that there
are 2� C � � � T � � (� T � � 1) 	 � C � � � S � � � T � bilinear terms;
ctt�qct, ct�tqct, and dstqct. Fixing each of the � C � � � T � q-variables
the problem becomes an MILP with � T � � (� T � 	 � S � 	 1) 	
� S � binary variables: ys

a, yt
b, ytt�

c , yst
d , yt

e.

Convex Relaxation

Local solutions to the generalized pooling problem may be
found using software packages, such as DICOPT34 or
MINOPT,35 for MINLPs with convex continuous relaxations.
To assess the quality of such local solutions, rigorous lower
bounds on the global minimum solution need to be determined
through global optimization techniques. This section describes
problem formulations, the solutions of which provide lower
bounds on the global minimum for the generalized pooling
problem. All of the formulations described in this section are
mixed-integer linear programming problems that may be reli-
ably solved to global optimality with stable commercial soft-
ware packages such as CPLEX.36

Relaxation of bilinear products using convex envelopes

A widely used approach to the convex underestimation of
nonlinear programming problems with bilinear products is the
scheme in which each bilinear product is underestimated by its
convex underestimator23 and overestimated by its concave
overestimator as necessary.24 A bilinear product xiyj is under-
estimated by first introducing a variable wij

xy and making the
substitution

xiyj 4 wij
xy

wherever the product appears in the nonconvex NLP, then
introducing two linear inequalities for the convex envelope,

wij
xy � y jxi � x� iyj � x� iy j (18)

wij
xy � y� jxi � x� iyj � x� iy� j (19)

The concave envelope is defined by the inequalities

wij
xy � y jxi � x� iyj � x� iy j (20)

wij
xy � y� jxi � x� iyj � x� iy� j (21)

In the reduced generalized pooling problem the bilinear
products and the associated w variables are

ctt�qct 4 wctt�
cq (22)

ctt�qct� 4 wctt�
cq� (23)

dstqct 4 wcst
dq (24)

After substitution, constraints 16 and 17 become

� �
s�S

wcst
dq � �

t��T��t�

wct�t
cq�� � �1 � rct�

� � �
t��T��t�

wct�t
cq� � �

s�S

dstqcs
max� � c � C, t � T (25)

�
s�S

fs
source�qcs

source � qc
max� � �

s�S

�
t�T

��qcs
sourcedst � wct

dq�

� �
t�T

�
t��T

��qc
max��ct�t � ctt��

� �
t�T

�
t��T

�wt�t
cq� � wtt�

cq� � 0 � c � C (26)

Relaxation by the reformulation-linearization technique

The reformulation-linearization technique (RLT) was devel-
oped initially for the strengthening of formulations of con-
strained binary programming problems37 and subsequently ex-
tended to bilinear, indefinite quadratic, and broader classes of
nonconvex NLPs.38

There are two stages to the RLT. In the first, reformulation,
stage redundant nonlinear constraints are derived by multiply-
ing groups of valid constraints from the original problem.
Constraints derived from the upper and lower bounds on the
variables, termed bound factors, may be included in this refor-
mulation process along with the remaining constraint factors.
Although these derived constraints are redundant in the non-
convex problem, they may be nonredundant in the convex
relaxation of the problem.

The second, linearization, stage involves a process in which
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every product is substituted for a new variable. This operation
of linearization by variable substitution is denoted [ � ]l.

For example, two bound factors (xi � xi) � 0 and (yi � yi) �
0 may be multiplied together in the reformulation stage to
generate a nonlinear function,

� xi � x� i�� yj � yi�

and a valid yet redundant nonlinear inequality

� xi � x� i�� yj � y j� � 0

The linearized function is


� xi � x� i�� yj � y j��l :� wij
xy � y jxi � x� iyj � x� iy j

and the linearized constraint is


� xi � x� i�� yj � y j��l � 0

Notice that this inequality is exactly the same as Eq. 18 for one
of the facets of the convex envelope of the bilinear product xiyj.
It is well known that all of the inequalities for the convex and
concave envelopes may be derived through the RLT using
bound factors. Any RLT formulation that includes the bound
factors produces a bound that is as tight or tighter than that of
the bilinear product23 convexification process. There is a large
degree of flexibility in the reformulation phase of the RLT with
regard to the factors used to produce redundant nonlinear
equations. Although the addition of constraints cannot produce
a looser lower bounding formulation, a stronger formulation
may not necessarily result. We use the notation [{ f1(x), f2(x)} �
{g1(y), g2(y)}]l to denote the four linear functions [ f1(x) �
g1(y)]l, [ f1(x) � g2(y)]l, [ f2(x) � g1(y)]l, and [ f2(x) � g2(y)]l.

In the absence of a rigorous theoretical framework for the
prediction of an efficient RLT formulation some observations
may inform the reduced generalized pooling problem reformu-
lation strategy. The RLT has close links to the lift and project
method used to generate cuts in MILP.39 From a geometric
perspective the RLT results in a linear relaxation in a higher
dimension than the space of the original variables. It is the
projection of the feasible region of an RLT formulation onto
the space of the original variables that determines the strength
of the formulation. In practice the RLT constraints are not
projected back onto the original domain because this can be a
very expensive operation and the number of inequalities defin-
ing the projected domain may be prohibitively large. Good
candidates for reformulation factors include those that do not
greatly expand the dimension of the RLT relaxation. In the
reduced generalized pooling problem the first redundant non-
linear constraints to consider are therefore those that contain
only those products that occur in the original problem, ctt�qct,
ctt�qct�, and dstqct. These include constraints derived through the
bound factors


��ctt��, ��ctt� � c� tt��� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, t � T, t� � T��t�

for the convex and concave envelopes of ctt�qct, similar con-
straints for ctt�qct�,


��ct�t�, ��ct�t � c� t�t�� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, t � T, t� � T��t�

and for dstqct,


��dst�, ��dst � d� st�� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, s � S, t � T

The constraint factors standing in for the b variables, with
the q variable bound factors, yield additional constraints of this
type:

��� �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst��
� {(qct � qct), (q� ct � qct)}�

l

� 0

���� �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � b� t��
� {(qct � qct), (q� ct � qct)}�

l

� 0 � c � C, t � T

The following sets of constraints introduce � C � � � T �(2� T � 	
� S �) new variables into the formulation, wct

ybq, wctt�
ycq , wctt�

ycq�, wcst
ydq,

wct
yeq. These constraints were found to strongly influence the

strength of the formulation.

���b� tyt
b � �

t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst� � (qct � qct)�
l

� 0

���b� tyt
b � �

t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst� � (q� ct � qct)�
l

� 0

��� �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � yt
bb� t� � (qct � qct)�

l

� 0

��� �
t��T��t�

ct�t � �
t��T��t�

ctt� � �
s�S

dst � yt
bb� t� � (q� ct � qct)�

l

� 0 � c � C, t � T


���c� tt�ytt�
c � ctt��, ��ctt� � ytt�

c c� tt��� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, t � T, t� � T��t� (27)
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���c� t�tyt�t
c � ct�t�, ��ct�t � yt�t

c c� t�t�� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, t � T, t� � T��t� (28)


���d� styst
d � dst�, ��dst � yst

d d� st�� � ��qct � qct�, �q� ct � qct���l

� 0 � c � C, s � S, t � T (29)

��� �
s�S

dst � �
t��T��t�

ct�t � e� tyt
e� , ���

s�S

dst � �
t��T��t�

ct�t

� e� tyt
e�� � {(qct � qct), (q� ct � qct)}�

l

� 0 � c � C, t � T

(30)

Piecewise linear RLT formulation

Any feasible solution to the nonconvex problem is an upper
bound on the true global minimum. Lower bounding formula-
tions may be used to assess the quality of the upper bound and
possibly verify its global optimality. The gap between the
upper bound and the lower bounds, as determined through a
convex relaxation, may be substantial. Given sufficient time
and computational resources this gap can be closed using a
branch and bound algorithm in which the continuous variable
domain is partitioned and repartitioned until convergence is
achieved. Notice, however, that the convex reformulation by
the RLT is an MILP, which itself is solved within a branch and
bound framework in which the branching occurs on the binary
variables. There are several possible ways of structuring a
branch and bound algorithm for a nonconvex MINLP that
involves both binary and continuous branching variables. One
is to branch on the continuous variables and to solve the MILP
at each node of the branch and bound tree. This approach has
the disadvantages of having the continuous variables necessar-
ily taking branching priority over the binary variables, requir-
ing the solution of a new MILP whenever the continuous
variable space is partitioned. Another is to develop an algo-
rithm in which branching can occur at any node on either a
binary or a continuous variable. This possibility allows total
control over the structure of the algorithm but does not take
advantage of the sophisticated techniques implemented in well-
developed MILP software such as CPLEX.36

Here we adopt a third methodology in which the lower
bounding problem is first augmented with a set of binary
variables to model a partition of the continuous space, and then
reformulated as an MILP through the RLT. In this approach a
partition of the continuous space is declared ab initio. Because
the method does not involve a search for upper bounds and the
continuous space cannot be repartitioned, an arbitrary conver-
gence tolerance relating to the difference of upper and lower
bounds cannot be specified. Nevertheless, the method may be
used to verify a global solution in a series of runs in which the
partition of the continuous space scheme is restructured be-
tween successive runs. In practice, the solution of a complex
global optimization problem often requires several attempts
and reformulations before a solution can be validated.

We partition the q-variable domain ab initio by defining a set
of branching points for each variable qct. Consider the interval

[qct, q� ct] and define points in this interval qct
0 , . . . , qct

Nct such
that

qct � qct
0 � qct

1 � · · · � qct
Nct � q� ct

where Nct is the number of subintervals in the partition of [qct,
q� ct]. New binary variables, yct

k , are introduced to relate qct to a
subinterval [qct

k�1, qct
k ] by the constraints

qct � qct
k�1yct

k

qct � qct
k � (q� ct � qct

k )(1 � yct
k )� for all c � C, t � T, k � K

where K :� {1, . . . , Nct}. We ensure that qct is placed in
exactly one interval by introducing the constraints

�
k�K

yct
k � 1 for all c � C, t � T

After the reformulation phase of the RLT, each nonlinear
constraint containing qct,

g�c, d, qct; qct, q� ct� � 0

is replaced by a system of Nct constraints where the kth con-
straint is

gk�c, d, qct; qct
k�1, qct

k � � M�1 � yct
k �

and M � � is a number that is sufficiently large to inactivate
the constraint when yct

k � 0. The linearization phase then
proceeds in the usual way.

For example, the nonlinear constraint

ctt�qct � qctctt� � qctc� tt� � 0

is reformulated to the set of constraints

ctt�qct � qct
k�1ctt� � qct

k�1c� tt� � M�1 � yct
k � � 0 for all k � K

before being linearized as

wctt�
cq � qct

k�1ctt� � qct
k�1c� tt� � M�1 � yct

k � � 0 for all k � K

The operation of converting a constraint including a parameter
qct or q� ct to a set of constraints with parameters qct

k�1 or qct
k is

denoted [ � ]k. Of course, the addition of binary variables
increases the complexity of the MILP problem. It is well
known, however, that different formulations of the same MILP
problems may be solved in very different CPU times and that
the ease with which a formulation may be solved has much to
do with the tightness of the linear relaxation of the MILP
problem. Constraints 27 to 29 are included in the formulation
in addition to the augmented versions of these constraints.
These constraints improve the convergence rate of the MILP,
not the tightness of the relaxation.

We also include the RLT constraints
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[( yt
b) � (qct � q� ct)]l

k � 0
[( yt

b) � (q� ct � qct)]l
k � 0

[(1 � yt
b) � (qct � q� ct)]l

k � 0
[(1 � yt

b) � (q� ct � qct)]l
k � 0

	 for all c � C, t � T, k � K

Industrial Case Study

An industrial problem with three qualities, seven sources, ten
potential plants, and a single sink is described in this section
along with the results of computational experiments. This prob-
lem has 187 binary variables, 190 continuous variables, 33
nonlinear constraints, and 750 bilinear terms. One may attempt
to determine the solution to this problem using available soft-
ware such as GAMS/DICOPT40 or MINOPT,35 which solve
MINLPs using an outer approximation method. These methods
can guarantee convergence to a global solution only if the NLP
relaxation of the MINLP is convex, which is clearly not the
case here. The success rate of DICOPT on this problem was
assessed by initializing DICOPT with a set of 1000 randomly
generated starting points sampled on a uniform distribution
between bounds and rounding the binary variables. Figure 2
shows the distribution of the solutions found using DICOPT.
The best solution found in these runs, found 119 times, has an
objective function of 1.09116 � 106. The best known solution
with an objective function of 1.08643 � 106 was not found in
these runs.

The best known configuration and three other feasible con-
figurations found using DICOPT are shown in Figure 3. One of
the difficulties of the problem lies in the large number of
feasible yet nonoptimal configurations: 191 different solutions
were found by DICOPT using random initialization.

An inspection of the high-quality solutions shows that
these networks always involve exactly four treatment plants,
plant 3 is always present, and 7, 9, and 10 are usually
included. The problem of verifying the optimality of a
solution— even on a subnetwork with four treatment
plants—remains a difficult optimization problem because of
the large number of interconnection possibilities. Indeed,
this problem involves 55 binary variables, 52 continuous
variables, 15 nonlinear constraints, and 156 bilinear terms.
We compared the lower bounds on the global minimum
derived from the following formulations of lower bounding
problem:

● the bilinear product convex envelope formulation

● the RLT reformulation
● the piecewise linear RLT
The bilinear product convex envelope formulation has a

solution of 0.550 � 106, which was determined by GAMS/
CPLEX 7.0 in 58 s on an HP J2240. The RLT formulation was
solved in 3621 s and the optimal solution was 0.743 � 106.
Discretization of the piecewise linear RLT relaxation was done
by two schemes. In the first the discretization was done by
dividing the interval into equal segments:

qct
k � qct � �q� ct � qct�

k

Nct

In the second, the discretization points are closer together at the
lower end of the interval and positioned according to the
formula

qct
k � qct � �q� ct � qct��1 �


Nct � k


Nct
�

Note that both of these discretization formulae may be written
as a general formula involving a parameter 	 � (0, 1],

qct
k � qct � �q� ct � qct��1 �

(Nct � k)	

Nct
	 �

We consider two values of 	, 1/2 and 1.
Results for runs based on the piecewise linear RLT formu-

lation are displayed in Table 3 for 	 � {1/2, 1} and Nct � N.
This table displays the value of the lower bound zP as a
function of N along with CPU times and the number of nodes
required by CPLEX to solve the MILP relaxation to optimality.
All runs where executed on an HP J2240 workstation using
GAMS/CPLEX7.0. We see that the partitioning when 	 is 1/2
produces a stronger lower bound, yet requires more CPU time
and more nodes when N is �4. As 	 decreases the subintervals
in the partition cluster toward the lower end of the domain and
become harder to fathom. A lower bound of 1.073 � 106 was

Figure 2. Solutions found by DICOPT from random
starts.

Figure 3. Feasible configurations.
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found with 	 � 1/2 and N � 7. The gap z�P � zP was reduced
to 0.013 � 106, and thus the upper bound lies within 1.2% of
the global solution on the treatment plant subset T � {3, 7, 9,
10}. As the CPU requirement grows exponentially with in-
creasing N with diminishing gains on the quality of the lower
bound, alternative strategies would have to be implemented to
further close the gap. Such computational strategies that can
improve the performance of the proposed approach are not the
focus of this work and will be pursued in future work. The
primary goal here is to demonstrate that the proposed approach
can significantly reduce the gap between lower and upper
bounds for large-scale generalized pooling problems. To our
knowledge this is achieved for the first time in the global
optimization of generalized pooling problems.

Conclusion

In this article, solution techniques were investigated for the
wastewater treatment network problem, formulated as a bilin-
early constrained MINLP. The complexity of the problem
results from the coupling of the combinatorial network config-
uration problem and the nonconvex quality balance constraints.
The study focused on an industrial case study with three
components, seven sources, ten plants, and one sink. A large
number of feasible network configurations were found using
the MINLP software GAMS/DICOPT. Three alternative ways
of formulating the lower bound problem were presented, one
based on convex envelopes of bilinear terms, a second using
the reformulation-linearization technique (RLT), and a third in
which the RLT formulation was posed as a piecewise linear
MILP and reformulated to an MILP through the introduction of
additional binary variables. The best known solution was ver-
ified to be globally optimal to within 1.2% on a subnetwork
involving four treatment plants. The proposal presented herein
is an efficient way of implementing and solving MINLP math-
ematical programming problems with bilinear terms.
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Appendix

Flow rates at the sources are tabulated in Table A1.
Concentrations of the contaminants in these streams are
listed in Table A2. Reduction ratios defining the capacities
of plants to remove contaminant are detailed in Table A3.
Cost parameters (Table A4) are defined by the following
relations:

Table A1. Source Flow Rates fs
source

s

1 2 3 4 5 6 7

fs
source 20.0 50.0 47.5 28.0 100.0 30.0 25.0

Table A2. Source Concentrations qcs
source

c

s

1 2 3 4 5 6 7

1 100 800 400 1200 500 50 1000
2 500 1750 80 1000 700 100 50
3 500 2000 100 400 250 50 150

Table A3. Reduction Ratios rct

c

t

1 2 3 4 5 6 7 8 9 10

1 0.90 0.875 0.99 0.00 0.9 0.00 0.00 0.995 0.10 0.7
2 0.95 0.500 0.90 0.75 0.9 0.00 0.87 0.000 0.99 0.2
3 0.00 0.500 0.95 0.75 0.2 0.95 0.90 0.000 0.00 0.3

Table A4. Cost Parameters ct
e and ct

ye

t

1 2 3 4 5 6 7 8 9 10

ct
e 3860.3 2895.2 1102.9 3860.3 3860.3 3860.3 2895.2 2895.2 1102.9 1102.9

ct
ye 48,901 36,676 13,972 48,901 48,901 48,901 36,676 36,676 13,972 13,972

Table A5. Distance Parameters �s
a

s

1 2 3 4 5 6 7


s
a 150 135 100 90 40 70 45

Table A6. Distance Parameters �t
b

t

1 2 3 4 5 6 7 8 9 10


t
b 120 95 75 85 120 90 80 95 160 190

Table A7. Distance Parameters �tt�
c

1 2 3 4 5 6 7 8 9 10

2 20
3 40 30
4 50 30 40
5 70 60 80 40
6 70 50 60 15 25
7 100 80 80 50 50 30
8 160 140 140 110 110 100 60
9 230 215 210 180 180 170 130 70

10 190 180 190 150 120 130 100 100 110

Table A8. Distance Parameters �st
d

s

t

1 2 3 4 5 6 7 8 9 10

1 40 65 75 100 120 110 150 210 280 245
2 15 40 55 75 90 90 125 180 260 215
3 40 35 30 65 100 85 115 170 240 220
4 85 80 55 100 140 120 140 180 245 245
5 95 70 55 45 75 45 40 75 150 150
6 80 70 40 90 125 100 120 150 230 230
7 70 45 30 40 75 50 60 100 175 165

Table A9. Maximum Pollution Levels qc
max

c

1 2 3

qc
max 5 5 10

1036 AIChE JournalMarch 2006 Vol. 52, No. 3



cs
a � 
s

ac1/v cs
ya � 
s

ac2 ct
b � 
t

bc1/v ct
yb � 
t

bc2

ctt�
c � 
tt�

c c1/v ctt�
yc � 
tt�

c c2 cst
d � 
st

dc1/v cst
yd � 
st

dc2

where v � 3600, c1 � 3603.4, c2 � 124.6, and the 
 values are
distance parameters defined in Tables A5–A8.

Regulations on the maximum allowable concentration of
pollutants entering the environment are summarized in Table

A9. The minimum flow rates through any connection are
specified as

a� s � b� t � c� tt� � d� st � e� t � fmin

where f min � 0.2.
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